Abstract. We consider patterns formed by active transport of auxin in a tissue, where the accumulation of transporters is activated by local fluxes of auxin. We characterize the steady states for which auxin is homogeneous in the tissue. Under a condition of regularity of the dependence of transporters to the flux, we can prove that one of these steady states, with zero flux everywhere, is always locally asymptotically stable. When the condition of regularity is not satisfied, by a combination of analytic and numeric results, we show that the same steady state may undergo bifurcations and become unstable. In particular, we can observe stable oscillations via Hopf bifurcation in the system having the form of a row of cells. This paper presents that flux-based active transport alone is enough to induce spontaneous oscillations of auxin in a tissue.
Introduction.
Auxin is a major plant hormone, involved in a large number of physiological processes, and is known to be distributed in a complex way in tissues. Although auxin can enter cells by free diffusion, the pH difference between plant cells and the intercellular matrix precludes auxin from leaving cells without the intermediate active efflux transporters distributed on cell membranes. Among the most studied of these transporters are the so-called PIN proteins, which are distributed in a polar way on cell membranes, through a mechanism that is not entirely known to date. It has been observed that this polar intracellular distribution is correlated with local differences in auxin concentration. Based on these observations, it is commonly assumed that there is a causal relationship and that PIN polarization is a function of auxin distribution among neighboring cells. This general assumption has led to several mathematical formulations in the literature (reviewed, e.g., in [14] ), whose differences reflect the still incomplete mechanistic knowledge of the process of PIN distribution. These formulations can be broadly classified in two main classes:
• Concentration-based models: Assume that PIN proteins accumulate on cell membranes with a rate that depends on the local differences of auxin concentration or in fact the relative levels of auxin between nearby cells.
• Flux-based models: Assume that PIN accumulates on cell membranes as a function of the flux of auxin through them. These models have been initially introduced for distinct purposes: flux-based models were supposed to account for the vein-like patterns observed notably in leaves [19, 20, 21] , whereas concentration-based models have been introduced more recently to account for the regular, spot-like, patterns of phyllotaxis (the regular arrangement of plant organs at the shoot apex) [13, 26] . However, some recent studies have indicated that both types of models could in fact generate a broader range of patterns than initially thought. To mention some examples, computer simulations based on representations of realistic tissues at a cellular resolution have reproduced realistic patterns of phyllotaxis, both with concentration-based [13, 26] and flux-based [27] models. Likewise, vein-like patterns have been observed in both concentration-based [15] and flux-based [10] models. The mathematical analysis in [25] has shown that concentration-based models were able to generate various patterns, including both stripes and spots. In principle, this could account respectively for phyllotactic and venation patterns. Alternatively, a composite model including both flux-based and concentration-based regulation has also been proposed to account simultaneously for several types of patterns [2] .
Based on these studies, it is not possible to clearly decide whether one of the two classes of models discussed above has more biological validity than the other, since both types of models reproduce both main types of known auxin patterns, at least qualitatively. Nor is there any clear experimental evidence to support one or the other of the two classes of auxin transport models-a fact that currently leads to some debate among scientists. One way to contribute to this debate would be to determine some qualitative property that is satisfied by one of the two classes of models and not by the other. The strategy in this paper is to start by analytically studying the ability for pattern generation in flux-based models, which can be compared with the case of concentration-based models which have been studied mathematically in [8, 9, 25] .
A number of previous works have considered auxin distribution in tissues which already contained some prepattern, usually taking the form of local sources or sinks of auxin; see, e.g., [10] . However, more mathematical studies usually do not assume prepatterns and start by considering steady states with homogeneous auxin; see, e.g., [8, 9, 25] . The underlying goal, following the seminal work of Turing on reaction-diffusion systems [28] , is to consider whether patterns may emerge from a nonpatterned situation, i.e., a steady state with homogeneous auxin distribution, under conditions on parameters for which this "no-pattern" situation becomes unstable, leading to the formation of actual patterns. Using a similar strategy allows us to illustrate a striking specificity of flux-based models: several configurations of PIN transporters may lead to the same distribution of auxin at steady state, in particular a homogeneous distribution. When one steady state with homogeneous auxin becomes unstable, one may expect to observe alternative stable steady states, which can be either uniform in auxin with a different PIN configuration or nonuniform in auxin. Because of this multiplicity of homogeneous auxin patterns, we put a particular focus on uniform auxin steady states and their stability.
We consider typical flux-based models and concentrate on the analytic study, from the point of view of dynamical systems with the help of graphical simplification. The strategy undertaken in the present paper is complementary to the numerical simulation studies: we choose to include only the most basic features compatible with a given transport hypothesis, resulting in a relatively small number of parameters. This allows us to begin a systematic exploration of the possible transport patterns. One underlying goal is to determine some qualitative features at the cellular level in terms of tissue scale patterns, where experimental observation is easier.
In the following section, a generic mathematical formulation of flux-based models is presented. Then, in section 3, steady states with uniform auxin distribution are characterized, with some additional results on their stability, for both arbitrary and regular tissues, with a focus on ring-shaped structures. Numerical results on some dynamical behavior exhibited on a tissue taking the form of a ring or row of cells are presented in section 4, followed by a conclusion and discussion on biological implications and future work.
Model formulation.
In this section we consider the active transport of auxin in a tissue with a time span that is typically shorter than cell division (which occurs approximately at a period of 12 to 24h), so that the number of cells is fixed, denoted N . Each cell i has a set N i ⊂ {1 . . . N} of neighbors. We denote by V i (m 3 ) the volume of cell i and by A ij (m 2 ) the exchange surface area between cell i and j. If cells i and j are not neighbors, one has A ij = 0 and, in particular, A ii = 0. Obviously, A ij = A ji , and thus the matrix A = (A ij ) is symmetric and nonnegative, with zero diagonal elements.
To describe the dynamics of auxin transport in a tissue, we use a i (mol · m −3 ) to present the concentration of auxin in a cell i and P ij (mol · m −2 ) to present the concentration of transporter proteins (PIN) in the membrane facilitating transport from cell i to cell j. In general, P ij and P ji may be different. The variation of auxin a i in cell i is due to four processes:
• local synthesis, with a constant rate κ (mol · m −3 · s −1 ) at which auxin is produced in cells, • decay, with a rate δ (s −1 ),
according to Fick's first law, where D (m · s −1 ) is the diffusion coefficient, and • active transport by the transporter (PIN) proteins, modeled by
is a transport efficiency coefficient. The combination of the last two processes is called the flux of auxin from cell i to cell j and is supposed to induce the insertion of PIN proteins P ij . We denote the flux as recent studies [10, 24, 27] ,
With homogeneous auxin, Figure 1 shows the auxin and transporter proteins in two neighboring cells. We use the following graphical convention in all of our figures: the absence of auxin in a cell (resp., transporter proteins) is represented by white, while the highest concentration is shown in bright green (resp., red). Intermediate concentrations are represented by interpolations between these two extremes.
a j a i P ij P ji The variation of concentration of PIN proteins P ij includes two processes:
• background insertion and removal of PIN, with an insertion rate ρ 0 (mol · m −2 · s −1 ) and a removal rate μ (s −1 ), and • insertion induced by the flux h(Φ ij ). Therefore the dynamics of auxin and transporter proteins in each cell i ∈ {1, . . . , N} can be described by the following system of coupled ordinary differential equations (where j ∈ N i is any neighbor of cell i):
Typical choices of h, as found in the literature [10, 27] , can be (for positive Φ)
where ρ is a scaling coefficient. From the definition of h in (2.1), we know that the left derivative at zero, h (0 − ) = lim ε→0 ε>0 h(−ε) ε = 0, always holds for all n, while the right derivative
is always zero when n > 1 and does not exist when n = 1; in other words, h i (0) is discontinuous with h i (0 + ) > 0 and h i (0 − ) = 0 for i = 1, 2 and n = 1. From a general point of view, this discontinuity of the derivative is acceptable in some real applications, although the mathematical analysis is more difficult. Unless specified explicitly, we simply assume that h is continuous and monotone increasing and that it satisfies (2.1).
Before any further analysis, by rescaling the variables and parameters as
and omitting the tildes for simplicity, we will work on the following equations:
It is convenient to represent cells and their neighboring relations as a graph. We denote this graph by G = (V, E), with V = {1, . . . , N}, and E ⊂ V × V is such that (i, j) ∈ E if and only if A ij = 0. The set of neighbors of cell i is thus characterized by N i = {j : (i, j) ∈ E}. Furthermore, the flux of auxin between neighboring cells defines an orientation of the graph G: for each pair of neighbors (i, j) ∈ E one considers the orientation i → j if Φ ij ≥ 0. The corresponding directed graph will be denoted by G + (Φ) hereafter. Based on Figure 1 , a sample of a ring of N cells is given in Figure 2 It is important to note that in the model (2.3)-(2.4) the dynamics of P ij does not directly depend on the amount of PIN allocated to other sides of the same cell. However, some experimental evidence suggests that the amount of PIN available in each cell is fixed, or slowly varying [11] , and it was shown in [10] that taking this effect into account had a noticeable effect on patterns of auxin observed in numerical simulations.
To assess the consequences of our assumption, let us consider an alternative model, where a i evolves as in (2.3), but with different PIN dynamics. We use additional variables P i representing the concentration of PIN in cell i. Suppose that PIN is produced and degraded with rates ερ P and εδ P , respectively, where the coefficient ε indicates that these processes are slow. PIN is then reallocated among sides with a rate that is proportional to its concentration P i and to the function h of auxin flux, with a transfer rate denoted λ. The removal rate μ is as in (2.4):
The model considered in [10] is equivalent to the form obtained by taking the limit ε → 0 of infinitely slow production and decay of PIN. The steady states for the two equations (2.5)-(2.6) are given by
It appears that the last equation above differs from the steady state for (2.4) only by a factor
. In other words, all the possible steady states of the model (2.3), (2.5)-(2.6) including PIN reallocation can be found through the study of the simpler model (2.3)-(2.4), on which we base the rest of this work.
Homogeneous auxin steady states and their stability.
In this section we focus on steady states for which the auxin levels in a tissue are identical in every cell. We first present some results for a tissue with arbitrary structure and then provide further analysis for a regular tissue.
3.1. Arbitrary tissue structure. From (2.3)-(2.4), a steady state (a * i , P * ij ) i,j satisfies the following for all i, j:
Because the flux may induce the transporter proteins only when it is positive, any pair (P * ij , P * ji ) will satisfy certain constraints. Actually, from Φ * ij = −Φ * ji it follows that one of the two terms h(Φ * ij ), h(Φ * ji ) is always zero. Therefore, the following proposition holds. 
From the hypotheses on h, whenever a * i ≤ a * j , (3.2) admits a solution at P * ij = 0. In particular, for homogeneous auxin a * i = a * for all i, we obtain the fixed point equation,
which may in general have any number of positive solutions (including none). In the following, we will always assume that (3.3) admits a finite number m + 1 (with m 0) of nonnegative solutions and denote them by
where P * 0 = 0 and all other P * i > 0. The rest of this section is devoted to characterizing the homogeneous steady states with a * i = a * for all i. Note that the value of P * i in (3.4) depends on a * in general.
Equation (3.3) and Proposition 3.1 constrain the value of P * ij at a steady state, though do not completely determine it. The auxin concentration a * , on the other hand, can take only one value if it is assumed to be homogeneous in a tissue. 
Since A ij = A ji and Φ * ij = −Φ * ji , the left-hand side above must be zero; therefore, the claim follows due to V i > 0 for each i.
One consequence of Proposition 3.2 is that the set P * in (3.4) can be defined using only the parameters of (2.3)-(2.4), since (3.3) can now be given a more specific form:
Define the scalar function
Then, with homogeneous auxin, the steady-state solutions for P * ij will be determined by the nonnegative fixed points of the function h. This provides us with a definition for the set P * :
Proposition 3.2 concerns only the a * i value at a steady state. In general, several P * ij values can be compatible with the homogeneous auxin a * i = a * . Among these, the uniform zero value is always possible. 
(ii) Furthermore, E 0 is the only steady state such that all P * ij 's have the same value. Proof. When a * i = a * and P * ij = 0 for all i ∈ V, j ∈ N i , E 0 is easily seen to be a steady state. Therefore, (i) holds.
To prove (ii), suppose now that there is a steady state such that for all i, j, one has P * ij = P * for a constant P * ≥ 0. From Proposition 3.1, either P * ij = 0 or P * ji = 0 for any steady-state solution. Thus, one must have P * = 0, which implies
and letâ = (a * 1 , . . . , a * N ) T be the vector of auxin concentrations. Then all the auxin a * i in the first equation of (3.1) can be read as
where I N is the N × N identity matrix and u = (1, . . . , 1) T ∈ R N . Since all rows in the matrix L sum to zero, i.e., Lu = 0, and its nondiagonal elements are nonpositive, L is a singular M-matrix (see Chapter 6 of [3] for a detailed account). Then, for any positive δ, the matrix L + δI N is strictly diagonally dominant, and thus it is nonsingular. Hence, (3.
. Proposition 3.3 indicates that homogeneous transporter patterns necessarily induce homogeneous auxin patterns. However, the converse is not always true. Actually, if 0 is the only fixed point of h, i.e., P * = {0}, then homogeneous auxin at a steady state can occur only for the homogeneous equilibrium E 0 . But if P * contains at least one positive element, then the homogeneous distribution of auxin at an equilibrium is possible with nonzero (and nonhomogeneous) transporter distribution. Therefore, besides E 0 , there exist nonzero steady states P * ij that are compatible with a homogeneous auxin value a * . Although an explicit formula for these P * ij is difficult to obtain in general, from Proposition 3.1 we know that, for all i ∈ {1, . . . , N} and j ∈ N i , either (i) P * ij ∈ P * and P * ji = 0, or (ii) P * ji ∈ P * and P * ij = 0. Furthermore, we have the following proposition. 
Proof. With a * i = a * , the first equation in (3.1) becomes
= 0, the result is obvious.
Proposition 3.4 characterizes P * ij values by the fact that they must belong to the finite set P * and satisfy a constraint that depends on the matrix A ij . This constraint can be interpreted geometrically as follows: for each i, the vector v i = (sign(φ * ji )P * ji ) j must be orthogonal to the row vector (A ij ) j . Since v i can take a finite number of values, with coordinates in ± P * when j ∈ N i , and zero for other j, the valid P * ij 's are defined by intersections of finite sets of vectors in R N with hyperplanes orthogonal to the row vectors of the matrix A (or its columns since it is symmetric).
Next, we can investigate the stability of E 0 for a large class of functions h, including the cases n > 1 for the functions h 1 and h 2 given earlier, and in fact any function h of class C 1 that satisfies our hypotheses.
Proposition 3.5. Suppose that the function h satisfies
Then, the steady state E 0 is locally asymptotically stable. Proof. Denote J 0 the (N+d)×(N+d) Jacobian matrix of the system (2.3)-(2.4), evaluated at E 0 . Then the characteristic equation is Δ J 0 (λ) = det(λI − J 0 ) (where I is the identity matrix of the same size). From the proof of Proposition 3.3, we know that Φ * ij = 0 for all i, j at E 0 . With the condition h (0) = 0, we can write J 0 in block form as
where M is the rectangular N × d matrix corresponding to the partial derivatives with respect to P ij for (2.3). Assume now that the P ij variables are ordered. Then the terms in the ith row of M that correspond to the columns of P ij and P ji are respectively equal to −
For instance, in a ring of three cells, with the P ij ordered as P 12 , P 23 , P 31 , P 13 , P 32 ,
In fact, Δ J 0 (λ) is independent of M and reads
From the proof in Proposition 3. 
where M is exactly as in the proof of Proposition 3.5 and Q represents derivatives of the right-hand side of (2.5) with respect to P ij variables. Though Q can be made more explicit, the block-triangular form of the Jacobian allows us to conclude directly that E 0 is locally asymptotically stable, like E 0 . As discussed earlier, for the functions h 1 and h 2 with n = 1, the condition h (0) = 0 does not hold. In such a case, a standard stability analysis method using the eigenvalues of the Jacobian matrix cannot be performed in a straightforward way. Indeed, the Jacobian is discontinuous on the union of hypersurfaces of the form
In particular, the equilibrium E 0 is situated at the intersection of all these surfaces, since it satisfies Φ * ij = 0 for all i, j. In this case the analysis is more involved and will be considered only for particular examples in the following section.
For a steady state such that Φ * ij = 0, on the other hand, a standard stability analysis is still possible. This follows from the fact that the half spaces defined by
are open subsets of R N +d . Hence a steady state that lies inside the subspaces of this form will always have an open neighborhood in which the Jacobian varies continuously.
Regular tissues.
In this section we will consider only idealized tissues, in order to get a better understanding of the patterns expected to occur in the system (2.2)-(2.4). Throughout the section we assume that all cells have the same volume V i = V and identical contact surface area A ij = A. Then the equations can be simplified further, thanks to the following rescaling:
Omitting the tildes, (2.3)-(2.4) become
where Φ ij is defined as in (2.2).
As discussed in the previous subsection, with homogeneous auxin the value of P * ij in a steady solution is determined by the nonnegative fixed points of the function h in (3.5) which always contains P * 0 = 0. If 0 is the only value in P * , then E 0 is clearly the only steady state with homogeneous auxin distribution, implying that the only asymptotic PIN pattern would be zero PIN everywhere on the tissue. This is not very relevant from a biological point of view.
Suppose now that h admits a unique positive fixed point; then Proposition 3.1 allows us to determine the values P * ij when all a * i are fixed to a * at a steady state. Proposition 3.6. Consider the system (3.9), (3.10 
Proof. From Proposition 3.2, one deduces that there exists a steady state with homogeneous auxin if and only if a * i = a * for all i, and the P * ij 's satisfy condition (a), from Propositions 3.1 and 3.3. Moreover, the P * ij 's must be zeros of (3.10) such that j∈N i Φ * ji = 0 from (3.9), which can be rewritten as (3.11)
Since Φ * ij = a * (P * ij − P * ji ), from Proposition 3.1 and the assumption on h, it follows that (P * ij , P * ji ) ∈ {(0, 0), (0, P * 1 ), (P * 1 , 0)}, and thus Φ * ij ∈ {0, −a * P * 1 , a * P * 1 }, with Φ * ij > 0 if and only if P * ij = P * 1 . Equality (3.11) is equivalent to condition (b) in Proposition 3.6. One may remark here that the conditions provided in Proposition 3.6 can be stated quite simply in terms of the directed graph G + (Φ * ) at a steady state with i → j if and only if Φ * ij ≥ 0. More specifically, an edge i-j between i, j is directed in G + (Φ * ) as • i → j if and only if P * ij = P * 1 , and thus P * ji = 0, • j → i if and only if P * ji = P * 1 , and thus P * ij = 0, and • i ↔ j if and only if P * ij = P * ji = 0. Then, condition (b) of Proposition 3.6 is equivalent to the fact that every node in G + (Φ * ) has the same number of incoming and outgoing edges. This type of directed graph is often called balanced in the literature (see, e.g., [1] ). To take advantage of this formulation in what follows, let us define N + i (resp., N − i ) as the set of incoming (resp., outgoing) edges at node i in G + (Φ * ). 1 In particular, one can consider a simple ring of cells. In this case, indeed, the conditions in Proposition 3.6 are immediately verified. 
Denote the index of P ij in the following order:
(P 12 , P 23 , . . . , P i,i+1 , . . . , P N 1 , P 1N , P N,N−1 , . . . , P i,i−1 , . . . , P 21 ) .
Then an orientation of the graph G can be balanced in exactly three ways:
(a) Undirected ring: for all i ∈ {1, . . . , N}, 0 = (a  *  , . . . , a  *  , 0, . . . , 0, 0, . . . , 0) Figure 3 for an illustration. The steady state E 0 defined in Proposition 3.3 together with the steady states characterized in Proposition 3.6 describe all the steady states with homogeneous auxin under the assumption that h admits at most one positive equilibrium. This assumption holds for a number of functions, including h 1 for n 1 or h 2 for any exponent n. The function h 2 with n > 1 may typically have two positive equilibria, which suggests that an extension of Proposition 3.6 would be useful, while the patterns would be more complicated; this is outside the scope of this article.
Corresponding steady state: E
We have seen in Proposition 3.5 that the equilibrium patterns with uniformly zero P * ij are locally asymptotically stable whenever the flux dependent rate h has zero derivative at the origin. Hence, it remains for us to consider (i) the stability of E 0 when h (0 + ) > 0 and (ii) the steady states where some P * ij are nonzero for h (0 + ) ≥ 0. In case (i), since at E 0 all the fluxes Φ * ij = 0, the Jacobian is not continuous in a neighborhood of E 0 , and a local stability analysis cannot rely on this matrix, as discussed at the end of section 3.1. A similar difficulty will remain true in case (ii) for h (0 + ) > 0 as long as at least one pair i, j is such that Φ * ij = 0. In the particular case of a ring of cells, however, for the steady states E − and E + , all Φ * ij equal either −a * P 1 or a * P 1 and thus are nonzero. It follows that the Jacobian is continuous at least in a neighborhood of E − and E + and that their stability can be deduced from the eigenvalues of this Jacobian.
To simplify the analysis, we consider the stability of homogeneous equilibria in the case of a ring of three cells, that is, the system (3.9)-(3.10) with the structure given in Example 1. Since there exist three equilibrium solutions E 0 , E + , and E − , we denote the corresponding Jacobian matrix by J 0 , J + , and J − , respectively. The detailed computation of these matrices is given in Appendix A.
At the steady state E 0 , we know from Appendix A that, when h (0) = 0, the characteristic equation is
It is easy to see that all the eigenvalues in J 0 are negative. Therefore, E 0 is locally asymptotically stable, which is consistent with the prediction given by Proposition 3.5.
When h (0 + ) > 0, i.e., h (0) does not exist, any neighborhood near E 0 contains discontinuity surfaces for h , of the form S ij given in (3.8); hence trajectories in such a neighborhood may in general cross one of these surfaces, changing the dynamical behavior. As a consequence, the following computations at E 0 cannot provide us with rigorous results on the stability. However, we will use them as a heuristic for numerical simulations performed in next section. With h (0 + ) > 0, the characteristic equation becomes
where
When h (0 + )κ < δμ, H < μ − (3D + δ + μ) = −(3D + δ) < 0, and the constant term in the quadratic factor is −κh (0 + ) + μ(3D + δ) > −δμ + μ(3D + δ) = 3Dμ > 0, suggesting that E 0 could still be locally asymptotically stable and become unstable for the reversed inequality. At h (0)κ = δμ, all the eigenvalues of J 0 are negative except λ = 0, indicating a fold bifurcation at E 0 . Further, in an extreme case, when κh (0) − μ(3D + δ) < 0 and H = 0, for some particular parameter values, Hopf bifurcation may take place. More specifically, when μ > δ + δ 2 3D , the system undergoes a Hopf bifurcation, implying the appearance of oscillation behavior.
Let us now briefly discuss the stability of equilibria E − and E + analytically. These two steady states are clearly equivalent, up to a permutation of the variables, and, in particular, they have the same characteristic equation,
When a * h * < μ, that is, κh * < μδ, all the coefficients c i > 0 for all i = 0, . . . , 3. In addition, if c 2 c 3 − c 1 > 0 and c 1 c 2 c 3 − c 2 1 − c 0 c 2 3 > 0, we can conclude that the steady states E ± are locally asymptotically stable from Hurwitz criteria. Actually, we can compute
where P.T i (i = 1, 2) stands for the positive terms, while we omit the tedious calculation of
. Similarly, Hopf bifurcation is also possible, for instance, when c 0 = 0, c 1 = c 2 c 3 , and c 2 > 0. Due to the complexity, we cannot provide explicit conditions, while the analysis on each steady state strongly suggests that the systems may present Hopf bifurcation. When the Hopf bifurcation is supercritical, we should be able to observe the stable periodic solutions numerically.
Numerical results.
In this section we present numerical simulations to confirm the theoretical results obtained previously and to explore rich dynamical behavior beyond the analytical domain.
First, we consider a tissue with a ring of N cells and choose the function h(x) = 1, 1, 1, 1 ), when N = 3, h has two positive fixed points, and hence Proposition 3.6 cannot be applied directly, while the steady states of both E + and E − are observed numerically in Figure 4 by using various, randomly selected, initial conditions. This illustrates the fact that the analytical results obtained in the previous section are likely to be valid under weaker assumptions.
Although we previously discussed only the steady states with homogeneous auxin, auxin is not always distributed uniformly in real tissues, especially for a tissue with a large number of cells. Figure 5 shows some of the steady states with a different number of cells in a ring.
From Figure 5 , we can see that the steady states typically involve local maxima of auxin, surrounded by a sharp decrease of auxin in the neighboring cells (for the tested parameters). Biologically, such patterns are reminiscent of the local auxin maxima observed in meristems at the locations where new organs are emerging. In particular, the formation of flowers is known to imply ring-shaped regions where specific organs (sepals, petals, stamens, and carpel) are formed. Another interpretation of these patterns is that they correspond to the spontaneous emergence of sources and sinks of auxin: sinks are cells with high auxin and incoming flux, whereas sources are groups of cells with low auxin and outgoing flux. A general trend in our simulations was that sources typically involved groups of at least two cells, whereas sinks were more often localized at single cells. Similar simulations using a reallocation model of the form (2.5)-(2.6) led to essentially the same patterns.
Due to the complexity of expressions shown at the end of the previous section, our exploration of Hopf bifurcations near the steady states E ± was not conclusive. However, we numerically discovered the possibility of oscillations through a destabilization of E 0 when h is not smooth enough (say, h / ∈ C 1 ). We started with a simple case of two neighboring cells and chose h(x) = ρx for x > 0 (and 0 otherwise). Similar to the three-cell ring, mathematically we know that, when h (0 + )κ < δμ, E 0 should be locally asymptotically stable and become unstable when
, oscillation is possible via Hopf bifurcation. Actually, for the parameters (D, δ, κ, μ) = (0.3, 0.5, 0.5, 1.), when h (0 + ) = ρ < μδ κ = 0.3, through the numerical simulation, the stability of E 0 is easy to see. However, we can observe that the stability of E 0 remains with ρ = 2.0 ( Figure 6 ). This confirms that the analytical result is unreliable due to the lack of continuity in the Jacobian matrix. It is also interesting to observe that the increase in ρ leads to alternative asymptotic behavior. For instance, oscillation takes place when ρ > 2, the periodic solution disappears when ρ > 2.6, and the steady state with nonhomogeneous auxin and transporter proteins appears. See Figure 6 (b), (c). Although a ring with two or three cells seems analogous, unlike the case of two cells, we were not able to find any periodic solution in a ring of three cells (although this does not prove the nonexistence of such oscillation). On the other hand, we further numerically explored the dynamics in a row of more than two cells. In general, we can take as an example a tissue with a row of N cells where each cell i has neighbors N i = {i − 1, i + 1} except for N 1 = {2} and N N = {N − 1}. When N = 10, we can observe stable periodic solution for the parameters (D, δ, κ, μ) = (7, 0.5, 0.5, 1.5) and h(x) = 2.8x for x > 0 (and 0 otherwise). It is interesting to see that some of the trajectories in auxin are antiphased oscillations, which is reasonable due to the symmetry of the system. See Figure 7 . In the row of cells, this antiphase solution takes in fact the form of a solitary wave, where a peak of auxin moves alternately from one end of the row to the other. Similar oscillations were also found for other numbers of cells N . From a biological point of view, oscillations of genes responding to auxin have been observed experimentally in root tissues [22] . However, it is not entirely clear to date whether these oscillations are due to periodic evolution of auxin itself, or its biosynthesis, or even its signaling pathway. What the above simulations indicate is that active transport alone is susceptible to induce stable oscillations of auxin. It is also worth noticing that these oscillations have been observed in rows of cells, which are not a bad approximation of the organization of root tissues.
However, a strong difference between the row of cells studied here and a real root tissue is that the latter grows and undergoes repeated cell divisions in meristematic tissues. Since each cell division implies a change in the system's dimension, an analytical approach would amount to determining the set of parameter values for which stable oscillations occur simultaneously in rows made of increasing numbers of cells. Since the set of parameters for a fixed number of cells is already challenging to characterize, an analytic study would lead us beyond the scope of this paper. We thus used numerical simulations to investigate the robustness of our observations. We performed numerical simulations where a new cell was added at one extremity of the row of cells at regular time intervals, mimicking the fact that cell divisions in roots almost exclusively take place at the tip (with the obvious exception of lateral roots). At such events, the auxin concentration in the newly formed cell, say, cell N + 1, was supposed to equal to that of its left-hand side neighbor (its mother cell), whereas initial values for P N,N+1 and P N +1,N were set to zero.
For small rows of only two or three cells, we did not find parameters for which oscillations were maintained after the adjunction of a new cell. For larger numbers of cells, however, we observed that oscillations were typically maintained despite multiple cell divisions. As an example, Figure 8 shows a simulation where oscillations persist for a row of 10 cells which undergoes 30 successive cell division events. Since oscillations observed in [7, 22] had a period of ≈ 4-6h and cell divisions occur with a period of ≈ 12-24h, we added new cells typically after two to four periods of the auxin and PIN oscillations in our simulations.
Finally, to assess the potential impact of PIN reallocation, we tested the alternative model (2.5)-(2.6) for periodic solutions. As shown in Figure 9 , for 10 cells oscillations were still observed using exactly the same parameters as before. However, as we tried to implement cell division as described above, the oscillations did not persist. Attempts with different but close parameter values were not successful either. Although a more comprehensive numerical exploration of parameter values may lead to a different conclusion, this observation may be an indication that oscillatory solutions are less robust when PIN reallocation is explicitly represented in the model.
Conclusion and discussion.
Motivated by a class of proposed models for the transport of auxin in a tissue, we consider a system where auxin is transported actively among neighboring cells as an increasing function of its local flux. In the same vein as previous studies [8, 9, 23, 25] , we have used techniques of dynamics to contribute to a comprehensive analysis of steady states and patterns in the system. A specificity of flux-based models is that a given auxin distribution at steady state can be obtained for different distributions of PIN. In particular, we have proved that a trivial steady state with homogeneous auxin and no transporter protein always exists in a generic tissue, while in a regular tissue (where all cells have the same volume and contact surface to their neighbors), we have characterized the set of homogeneous auxin patterns under mild assumptions on the function h. More specifically, we can show that, when the flux function h is smooth enough, say, h (0) = 0, then the trivial steady state is always locally asymptotically stable, regardless of the tissue structure.
Although most results are given for flux-based models where PIN is allocated independently on the sides of each cell, we also consider a case where a limited pool of PIN proteins is available in every cell, of the form (2.5)-(2.6). Most conclusions remained valid in this context, in particular all the results concerning homogeneous steady states. The main difference was a seemingly less robust occurrence of oscillations, which did not persist in our attempts to include cell division. The similar steady states may appear to contradict the results in [10] , where PIN reallocation was shown to have specific patterning properties, with high auxin in veins, whereas independent allocation led to low auxin in veins. However, there are at least two explanations for this apparent discrepancy. First, the results in [10] relied on numerical simulations on a fairly complex tissue, for which an exhaustive exploration of parameter regimes is impossible, and some patterns may have been missed. More likely, even though models (2.3)-(2.4) and (2.5)-(2.6) have essentially identical steady states, they may in general have different stability properties. Further work on this question may provide a mathematical explanation for the properties observed in [10] .
In the particular case of a ring of cells, there are two nontrivial steady states with homogeneous auxin, corresponding respectively to a constant clockwise and counterclockwise flux. The dynamical analysis shows that these two steady states are possibly stable under certain conditions on parameters. More generally, this work shows that steady states can be characterized in graph theoretic terms, for instance by balanced orientations (see Proposition 3.6), as schematized in Figure 3 for a ring of cells. Since an increasing number of techniques are currently being developed to study complex dynamical systems using graph theoretic tools [16] , a promising direction for future work would be to investigate more thoroughly the potential benefits of graph theoretic techniques to study active transport of auxin, both for concentration-based and flux-based models. It would be particularly relevant to investigate more thoroughly the nonhomogeneous steady states using this type of framework.
Through the study, we realize that the form of the flux function plays a key role in determining the dynamical behavior of the system. In particular, patterns arising through the usual Turing mechanism, where a uniform steady state loses stability [28] , can never occur in the case where h (0) = 0. Since patterns do occur in real tissue, our results show that this may happen in two possible ways:
• The function h is not smooth.
• The function h is smooth, and then patterns cannot arise from small perturbations of a uniform auxin distribution, due to the stability of this distribution. They must arise from a prepattern of auxin synthesis or decay, or from a strong perturbation. A biological interpretation of the first possibility is that the flux activates PIN in a very "sharp" manner. Perhaps more interestingly, the second option can be interpreted as the fact that real auxin patterns do not arise from active transport alone [29] . Indeed, unless the auxin biosynthesis (or decay) is itself nonuniform, stable nonuniform steady states (i.e., patterns) are reached only after perturbations which are strong enough to lead the system's state out of the attracting basin of the uniform steady state. Even then, note that a strong perturbation is necessary but not sufficient, since it may actually lead to another steady state with uniform auxin (and nonuniform PIN). Such perturbations or prepatterns then have to be explained by additional mechanisms not represented in the model of active transport.
Different forms of h will not only produce different levels of positive transporter proteins as equilibrium patterns of the system but also influence the dynamical properties of the system. For example, stable oscillations are observed numerically only for the class of h functions which are not smooth at 0. Note, however, that this does not exclude oscillations for smooth h in principle. Indeed, oscillations found in this paper occur via a Hopf bifurcation at the trivial homogeneous equilibrium, and we prove that such a bifurcation can occur only for nonsmooth h. However, it is not possible to exclude the occurrence of a Hopf bifurcation near a nontrivial homogeneous steady state when h is smooth. Verifying whether such a Hopf bifurcation can actually occur in these systems could be a topic of future work.
Oscillations in flux-based models were mentioned in the early works of Mitchison [19] , where he termed them "parasitic oscillations" and tried to show that they would not occur in realistic parameter ranges. However, since this original work, genes activated by auxin have been experimentally observed to oscillate in roots [7, 22] , though the phenomenon remains partly unclear. One possible hypothesis is that the auxin signaling pathway oscillates [17] with fixed auxin levels. One other hypothesis is that auxin itself may oscillate. In this study, we confirm Mitchison's observation that this may indeed be the case in flux-based models. We bring new insight into the conditions under which this occurs and show that oscillations can persist when cell divisions are included in the simulations. Note that oscillatory behavior is not specific to flux-based models, as oscillations have also been observed in concentration-based models, both in simulations representing auxin distribution in roots [18] and in a numerical bifurcation study considering a row of cells [8] . Interestingly, it has been proved recently in [9] that oscillations were not possible in the limit of no auxin diffusion for the concentration-based models introduced in [13] .
Although the data presented in [22] suggest that the observed oscillations do not directly involve auxin itself, but only some of its downstream targets, the present study and cited previous works show that auxin oscillations cannot be entirely ruled out. Since mathematical models indicate that auxin signaling may induce oscillations [17] , in a tissue where cells divide there are potentially (at least) three oscillatory mechanisms, oscillations of auxin, oscillations of the auxin signaling pathway, and oscillations of the cell cycle, which result in cell divisions. Further investigations of these three potential tightly coupled clocks may help decipher the current conundrum of experimentally observed periodic signals in the root.
We should mention that, for a regular tissue with the structure of a ring or a row of cells, the system possesses some symmetry. However, the symmetric properties of the model have remained largely unstudied, although we have observed the antiphased oscillations in the tissue with row-like cells, which can provide insight into the dynamics of the model from the effect of the topology of coupling among cells. Are there any other kinds of oscillation waves normally exhibited in a symmetrical system, as in [4, 6, 5, 12] ? What is the relative influence of the topological structure of the tissue and the dynamics of interaction between auxin and transporter proteins on oscillations? Is it possible to characterize the nonhomogeneous patterns and their bifurcations for particular topological structures presenting symmetry? These are the subjects of further study.
Appendix A. Jacobian matrix of the three-cell ring. When N = 3, we compute the Jacobian of (3.9)-(3.10) at the steady states of the form E * = (a * , a * , a * , P 12 , P 23 , P 31 , P 13 , P 32 , P 21 ), including E 0 , E + , and E − . They can all be written in block form as
where the blocks marked by * depend on the particular equilibrium that is considered, among E 0 , E + , and E − . The common block is At E 0 = (a * , a * , a * , 0, 0, 0, 0, 0, 0), all flux values are of the form Φ * i,i+1 = 0, and the value of h (0) is either zero when h is C 1 or discontinuous with h (0 + ) > 0 and h (0 − ) = 0. When h (0) = 0, it is easy to obtain that the block matrix Q 0 is a zero matrix and R 0 = μI, a multiplication of a scalar μ and an identity matrix. Therefore, at E 0 , the Jacobian matrix When h (0 + ) > 0, to obtain the components in the matrices Q 0 and R 0 , denote G ij = h(Φ ij ) − μP ij . From Φ ij = Φ ij (a i , a j , P ij , P ji ) = (P ij + D)a i − (P ji + D)a j , it follows that for any ε > 0 one has Φ ij (a i + ε, a j , P ij , P ji ) Φ ij (a i , a j , P ij , P ji ), Φ ij (a i , a j + ε, P ij , P ji ) Φ ij (a i , a j , P ij , P ji ), Φ ij (a i , a j , P ij + ε, P ji ) Φ ij (a i , a j , P ij , P ji ), Φ ij (a i , a j , P ij , P ji + ε) Φ ij (a i , a j , P ij , P ji ). 
